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1 . introduction  and  statement  of  theorems 

For  a finite  cet  X,  lx|  will  denote  the  niimber  of  elements 
of  X . An  incidence  structure  is  an  ordered  triple  (P,L,l) 
where  P and  L are  disjoint  sets  and  I c P x L . Elements  of 
r will  be  called  points  or  vertices  and  elements  of  L lines. 

A line  i and  a point  p are  called  incident  iff  (p,Ji)  € I . 

V.'e  also  say  in  this  case  that  £ contains  p or  p lies  on  I . 

Two  lines  ^ and  m are  said  to  intersect  iff  they  have  a conanon 
incident  point.  With  any  incidence  structure  (P,L,l)  is  associated 
its  dual  incidence  structure  (L,P,I*)  where  I*  = { (ji,p) : (p,i)  € l3. 

If  L is  a set  of  subsets  of  P and  (p,A)  € I iff  p € I , we 
will  refer  to  (P,L,l)  as  (P,L,€)  or  (P>L)  . The  dual  of 
(P,L,€)  will  be  written  as  (L,P,3)  . If  each  element  of  L and 
P is  a set  and  (p,J^)  € I iff  p c ^ , we  write  (P,L,I)  as 
(P,L,'^)  and  its  dual  as  (L,P,^)  . For  a line  A , P^  will  denote 
the  set  of  points  incident  with  line  A . If  P^^  is  a finite  set,  we 
write  lt(?)  for  the  cardinality  of  P^  . Similarly,  for  a point 
p.  Lip  denotes  the  set  of  lines  I incident  with  the  point  p and 
we  write  r(p)  for  111.  An  incidence  structure  is  said  to  be 

pi 

simple  iff  for  any  two  distinct  lines  X and  X'  , P^^  / P^,  . Incidence 
structures  (P,L,l)  and  (P',L',I*)  will  be  called  isomorphic  iff 
there  exist  bisections  o:  P P'  and  T*  L L'  such  that  (p,X)  € I 
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both  P and  L are  finite  sets.  All  incidence  structures  in  this 
paper  are  finite.  For  a finite  incidence  structure,  we  will  set 

r(n)  = min{r(p):p  € p]  and  k(n)  = min(k(^):je  € l}.  Let  q be  a 

positive  integer.  If  q = 1 , we  define  s(n,q)  to  be  equal  to 

k(n)  . If  q > 2 , we  define  s(n,q)  to  be  the  unique  real  number 

s which  satisfies  q^-  1 = k(«)(q-l)  . If  q = 1 , we  define 

d(n,q)  to  be  equal  to  r(n)  + s(n,  q)-  1 . If  q > 2 , we  define 

d(n,q)  to  be  the  unique  real  number  d w’.foh  satisfies 

= (q-l)r(jt>).  We  normally  write  s(if,q)  as  s (it)  and  d(ir,q)  as  d(«). 

The  incidence  atructtire  it  is  said  to  be  semilinear  iff  Vp,p'  ,c  P , 

p 3^  p’  , 3 at  most  one  line  t incident  with  both  p and  p'.  Let  r and 

k be  positive  integers.  A semilinear  incidence  stnicture  it  is  said  to  be  an 

(r,k)  incidence  structure  iff  for  every  point  p,  r(p)  ■ r and  every  line  t, 

k(X)  = k . Let  It  be  a semilinear  incidence  structure  euid  I and 

m be  two  lines.  A line  n will  be  called  a transversal  of  £ and 

m iff  n intersects  both  £ and  m and  P HP,  ^P  Pp  . A 

n £ n m 

semilinear  incidence  structure  « is  said  to  satisfy  Pasch's  axiom 

iff  for  any  pair  of  intersecting  lines  and  emd  any  pair 

of  transversals  n^  and  n^  of  m^  and  intersects  n^  . 

A subset  F c p is  called  a flat  iff  V£6L,  Ip^^Of  I>2  Implies 

Pjj  c F . Clearly,  any  intersection  of  flats  is  a flat.  For  S c P , 

the  flat  < S >*  Of  is  said  to  be  the  flat  generated  by  S . For 
F=S 

any  flat  F , rank  F is  the  smallest  integer  n such  that  there 
exists  a set  S c p , js]  = n and  < S >■  F . The  rank  of  the  flat 
P is  called  rank 
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A simple  graph  is  a simple  incidence  structtire  in  which  every 
line  Is  incident  with  exactly  two  points.  Points  and  lines  of  a 
simple  graph  will  usually  be  called  vertices  and  edges,  respectively. 
Two  vertices  p and  p'  will  be  called  adjacent  iff  there  exists 
an  edge  !■  incident  with  p and  p'  . Adjacency  is  a symmetric 
relation  on  the  set  of  vertices  of  a graph  and  determines  a simple 
graph  completely.  All  graphs  considered  in  this  paper  will  be  finite 
and  simple.  Let  G be  a simple  graph  with  vertex  set  V and  edge 
set  E . Let  n be  a nonnegative  integer.  A path  of  length  n from 
u to  V is  a sequence  (u  = v^,  Vj^,  V2>  *•*  > 
where  is  an  edge  incident  with  v^  and  v^  , i = l,2,...,n  . 

If  the  vertices  v^,  v^,  ...  , v^  are  all  distinct,  then  the  path 
is  said  to  be  simple.  If  for  euiy  two  vertices  u and  v there  exists 
a path  from  u to  v , then  the  graph  G is  said  to  be  connected. 

In  a connected  graph  G the  distance  d(u,v)  between  two  vertices 
u and  V is  the  smallest  nonnegative  integer  n such  that  a path 
of  length  n from  u to  v in  G exists. 

Let  ?t  = (P,L,l)  be  an  incidence  struct\ire.  The  adjacency  graph 
c(n)  of  n is  a graph  having  vertex  set  P and  two  vertices  adjacent 
iff  some  line  of  n contains  both.  The  graph  G(x*)  of  the  dutil 
incidence  structure  will  be  called  the  line  graph  of  « . 

Distance  between  two  points  p and  p'  of  jt  will  be  same  as  the 
distance  between  them  in  G(n)  . For  S c P and  t , m € L , we 
will  set  d(jl,S)  = min  ld(p,p'):  p*  6 S , p incident  with  i}  €uid 
d(l,m)  «=  min[d(jl,p);  p incident  with  m}  where  d(p,p')  is  the 
distance  between  the  vertices  p and  p*  in  G(n)  . Sametines  the 
points  of  n will  be  called  vertices. 


4 


Let  q ^ 2 be  a prime  power  and  1 < s < d be  integers. 

Let  V be  a d-dimensionol  vector  space  over  a finite  field  of 

order  q . Let  be  the  set  of  i-dimensional  subspaces  of  V , 

1 < i < d . Let  (Wg  ^ , Wg  , c)  be  the  incidence  structure  whose 

points  are  (s_l) -dimensional  subspaces,  lines  are  s -dimensional 

subspaces  and  incidence  is  set  inclusion.  Any  incidence  structure  « 

isomorphic  to  (W  W , c)  will  be  called  an  (s,q,d)  projective 
s-x  s 

incidence  structure  (p.i.s.).  For  q = 1 , also  we  define  an 

(s ,l,d)-proJective  incidence  structure.  Let  Y be  a finite  set 

with  1y|  = d . A subset  Y'  c Y is  called  an  i-subset  of  Y iff 

|Y'I  = i . Let  be  the  set  of  i-subsets  of  Y . Any  incidence 

structure  isomorphic  to  (Z^  Zg,  c)  will  be  called  an  (s,l,d)  - 

projective  incidence  structure.  The  incidence  structure  (W^  s+l-’^d  s* 

is  dual  to  (W  ,W  , c)  . Also,  (z,  , ,Z^  , 2)  is  dual  to 

s-l  s d-s+i  d-s 

The  following  classical  theorem  about  finite  projective  spaces 
characterizes  (2,q,d)-projective  incidence  structures  for  d > 4 . 
Theorem.  Let  it  be  a finite  incidence  structure  satisfying 

(pi)  There  exists  exactly  one  line  joining  two  distinct  points. 

(p2)  Every  line  contains  at  least  three  points. 

(p3)  Pasch's  axiom. 

(iV. ) Rank  of  n > ^ ♦ 

Then  there  exists  a prime  power  <1  > 2 and  an  integer  d > 4 such 
that  rt  is  a (2, q, d ) -projective  incidence  structure.  Conversely, 
any  (2,q,d)-proJective  incidence  structure  with  d > 4 , q > 2 
satisfies  (pi)  - (pJ* ) . 

Extending  this  classical  theorem,  we  prove  a characterization 
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of  (s,q,d) -projective  incidence  structures  when  3 < s < d-1. 

Theorem  1.  Let  q > 1 be  eui  integer  and  n be  a finite  incidence 
structure  satisfying 
(fl)  3 < s(it,q)  d(,t,q)  - 1 . 

(f2)  There  exists  at  most  one  line  joining  two  distinct  points. 

(f3)  If  p is  a point  and  I is  a line  such  that  d(p,l)  = 1,  then 
there  are  exactly  (q  + l)  lines  which  pass  through  p and 
intersect  I . 

(fU)  If  p and  p'  are  two  distinct  points  such  that  d(p,p')  = 2 , 
then  there  are  exactly  (q  + l)  lines  I such  that  t passes 
through  p'  and  d(p,A)  = 1 . 

(O)  G(rt)  is  connected. 

Then  s = s(jt,q)  and  d = d(«,q)  are  integers,  q = 1 or  a prime 
power  and  n is  an  (s,q,d)-  projective  incidence  structtire.  Conversely, 
for  3 5 ® ^ (s,q,d)-projective  incidence  structure 

satisfies  (fl)  -(f5)  . 

We  also  show  that  the  axioms  (fl)  - (f5)  are  minimal  for  the  piirpose 
of  characterizing  (s,q,d)-p.i.s. , 3<s<d-l.  For  any  choice  of 
j f{l,2,3,^,5)  , there  exists  incidence  structures  «'  which  satisfy  the 
foxir  axioms  other  than  (fj)  and  is  not  eui  (s,q,d)-p.i.s.  with  3 < s < d - 1. 

A finite  incidence  structure  « satisfying  (f2)  - (f5)  is  called  an  (s,q,d)- 
pseudo  projective  incidence  structure  where  s(x,q)  = s and  d(x,q)»  d.  The  axiom 
(f^)  in  the  statement  of  Theorem  1 is  not  an  essential  axiom.  Let  » 
(Pi,Li,Ii)  , i = 1,2  be  two  incidence  struct\ires  such  that  ^ ^2  “ 

Li  n L2  = 0 . We  define  the  direct  sum  « ■ sr^  -t-  by 
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n =(?^  U U Lg  , 1)  where  (p,/)  € I iff  "Ji  , 1 < i < 2 , 

p C ^ ^ iVf^)  ^ 1^.  • 

Theorem  2.  T^t  <1^1  be  an  integer  and  it  be  a finite  incidence 
?tructu»-e  satisfying  the  axioms  (fl)  - (fi+)  . Then  q = 1 or  a prime 
power  and  it  is  isomorphic  to  the  direct  sum  of  one  or  more  projective 
incidencr'  structures.  Conversely,  if  q = 1 or  a prime  power  emd 
i < s < d - 1 and  is  the  direct  sum  of  several  (s^,q,d^)-p.  i.s. 
v/here  3 5 ^i  " ^ ’ then  it  satisfies  axioms  (fl)  - (f*+). 

Outline  of  the  Proof.  Let  x be  an  (s,q,d)-pseudo  projective 
incidence  stucture.  Let  m and  n be  two  lines  containing  a common 
point  0 . A line  I is  said  to  be  a transversal  of  m and  n iff 

1 intersects  both  m and  n and  does  not  contain  0 . Let  C(m,n) 

be  tiie  set  of  lines  containing  the  transversals  of  m and  n and 

all  lines  f,  vfnich  contain  0 and  intersect  at  lea..^  one  transversal 
of  r and  n . c(m,n)  is  called  the  plane  generated  by  m and  n. 
i,et  (1  be  the  set  of  all  planes.  One  of  the  important  steps  in  the 
proof  is  to  show  that  the  incidence  structure  (L,C-,€)  is  an  (s+l,q,d)- 
pseudo  projective  incidence  structure.  One  starts  with  an  (s,q,d)- 
pseudo  p.i.E.  and  finally  obtains  an  (d-l,q,d )-pseudo  p.i.s.  which  is 
then  shown  to  be  the  dual  of  a projective  space. 
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2.  Prelljninary  propositions 

Lemma  1.  Let  <1  > 1 be  an  integer,  n be  a finite  incidence  structure 
such  that  r(p)  and  k(jt)  are  positive  for  all  points  p and  line  I , 

T,et  It  satisfy  the  socioms  (f2),(f3)  and  (f5)  and  r = r(it),  k = k(it)  . 

Then  rt  is  an  (r,k)-lncldence  structure. 

Proof:  Let  it  = (P,L,l)  . To  show  that  V £ € L , k(jt)  = k , 

it  is  sufficient  to  show  that  V X’  ? L , k(£)  = k(t')  . Let  I 

and  V be  two  intersecting  lines  and  a be  the  common  point.  We 

calculate 

^ = ll(P>P')  : (P»^)  ^ I » (p'jji')  ^ I ^ P>P‘  ^ z > 

d(p,p')  = 1}1 

For  every  point  p 5^  z of  A , d(p,i')  = 1.  So  there  are  q points 

p'  of  V such  that  d(p,p')  = 1 and  p'  z . Hence,  b = (k(i)-l)(q). 

By  symmetry  b = (k(X' )-l) (q)  . Since  q > 1 , k(^)  = k(i')  . Let 

I and  A'  be  any  two  lines.  Since  G (jt)  is  connected,  we  can 

find  a sequence  ^ I , . . . , = V such  that  and 

1.  intersect  for  j = l,2,...,i  . Since  k(A.  ^)  = k(A. ) for 

j = 1 , 2 , ...  , i , it  follows  that  k(A')  = k(A)  . It  is  easily 

checked  that  the  dual  incidence  structure  n*  satisfies  (f2)  , (f3) 

and  (fi)).  Therefore,  we  get  r(p)  = r(p')  , V p , p'  € P and  hence, 

r(p)=r,Vp€P. 

Lemma  2.  Let  q = 1 or  a prime  power  and  3 < s < d-l  be 

integers.  Then  any  (s ,q,d) -projective  incidence  structxure  is  an 

(a  ,q,d)-pseudo  projective  incidence  structiire. 

Proof:  First  v/e  consider  the  case  q a prime  power,  q > 2 . 

Let  n = (W  ,,  W , c)  be  an  (s ,q,d) -projective  incidence  structure 
s •X  s 
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whero  3 ^ s < d-2  and  V/^  is  the  set  of  i - dimensional  subspaces 

o*'  a vcct  r r>pu'  ■ V of  dimension  d over  GF(q)  , 0 < i < d . 

The  number  of  (s-1 ) -dimensional  subspaces  contained  in  ein  s -dimensional. 
?1  ^1 

subspacc  is  and  hence,  k(n)  = and  s(jt)  = s . 

Similarly,  the  number  of  s-dimensional  subspaces  containing  a given 


d-3+1  - d-s+1  ^ 

(s-1) -dimensional  subspace  is  Si__ Therefore,  r(jt)  = ^ 

and  d(jt)  = d . The  axiom  (fl)  holds  since  3 < s < d-2  . Let  p 

and  p'  be  two  (s -l) -dimensional  subspaces  and  i.  be  an  s-dimensional 

subspace  such  that  p,  p'  c X . Then  X is  the  subspace  spanned  by 

p and  p'  . Hence,  there  exists  at  most  one  line  joining  p and  p’ 

and  jT  is  semilinear.  Let  p and  p'  be  two  (s-l) -dimensional 

subspaces  such  that  [u^  » ^ > • • • » » * • * ’ ^s  i^ 

(u  ,u  , ...  , u.  , , w_,  ...  , w .}  are  respectively  bases  of  p 

and  p',  0<i<s-l.  Let  p be  the  subspace  spanned  by 

J 

^2^  ***  ’ ^i  ’ '*^1'*  '^2*  ***  ^ ’ ^1+1'^  ***  '^s-i^  * •••  > 


Wi, 

'’^2.*  * * * ^ '^j  ’ 

""j+l 

, ...  •• 

. , s-i  . 

s-i 

= p'  and  p 

J 

and 

Pj^^  are  adjacent  in 

G(it)  . 

a path  joining  p 

and 

p'  in  G(it)  . This 

is  connected. 

Let 

P € and  X € Wg 

such 

that  d(i),X)  = 1 . Then  p t and  there  exists  an  X'  € W such 

s 

that  p c X*  and  X n X'  € W , . It  follows  that  p 0 X = u is  an 

s-1 

(s -2) -dimensional  subspace.  There  are  (q  + l)  (s-l) -dimensional 
subspaces  p^  > 1 ^ such  that  u c p^  c X . Let  P»Pj  > • 

Then  X^  , 1 < i < q+1  are  the  only  lines  of  it  which  contain  p and 
intersect  X in  a point.  It  follows  that  it  satisfies  (f3)»  Let 
p , p'  € w , such  that  d(p,p')  = 2 . This  implies  that  pOp'^v  €W 
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i.et  , IV,  , . . . , ”q+i  (s-2)-dijnensional  subspaces  such 

that  v-u^cp  1+1  • ^ ^ ^ ^ ^ l'*'^  ' 

Then  , ...  , are  the  only  lines  of  jt  which  pass 

through  p'  and  have  distance  1 from  p . Therefore,  rt  satisfies 
(f'4).  This  establishes  the  lemma  when  q > 2 . For  q = 1 , we  take 
n - (Zg  » *”)  where  is  the  set  of  i-element  subsets  of 

a d-set  Y , 0 < i < d . It  is  easily  checked  that  jt  satisfies 

the  axioms  (fl)  - (f9)« 

In  the  sequel  we  will  assume  without  loss  of  generality  (wlog)  that  lines 
are  subsets  of  points.  We  assume  that  q is  a fijced  i>ositive  integer  and 
s ;ind  d real  numbers  satisfying  3 < s < d-1  and  jt  is  a pseudo  projective 
incMenee  structure  and  s(rt)  = s , d(m)  = d , r(m)  = r , k(n)  = k. 


Im:jra  3»  Zet  p and  p'  be  two  distinct  points  of  n such 
that  d(p,p')  = 2 . Let  be  the  set  of  lines  containing  p and 

at  distance  1 from,  p'  and  let  be  the  set  of  lines  containing 

p'  and  at  distance  1 from  p . Then  each  line  of  intersects  each 

line  of  . 

Proof;  Ijct  n € and  n*  = [z  ^ n : d(z,p)  = l]  . Then  |n*| 

equals  the  number  of  lines  of  which  intersect  n . By  (f3)> 

In+I  = (1  + 1)  and  by  (f^0>  = q + 1 . Hence,  each  line  of 

intersects  n . 

For  a pair  of  lines  mi  and  n , T(m,n)  denotes  the  set  of 
transversals  of  m.  and  n . 

Iiernma  4,  Let  n and  n be  two  distinct  lines  of  m such  that 

d(m,n)  = 1 . Then  (i),  d(p,m)  = 1 for  exactly  (q  + l)  points  p 

of  n and  (ii),  |T(m,n)|  < (q  + l)^  . 
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Proof : Since  d(m,n)  = 1 , there  exists  points  x and  y 

such  that  X € m , y € n and  d(x,y)  = 1 . Since  d(x,n)  = 1 , 

(<*3)  there  exists  (q  + l)  points  y^  = y , y^^  > ...  , y^  such 
that  d(x,y^)  = 1 , y^  € n and  d(y^,  m)=l,0<i<q.  If 
possible,  let  y€n  ,y?^y^  ,0<i<q  and  d(y,m)  = 1 . Then 
d(x,y)  = 2 , d(x,n)  = d(y,m)  = 1 and  x6m,y€n.  By  LenBa  U, 
rn  and  n must  intersect  whence  d(m,n)  / 1 . This  completes  the 
proof  of  (i)  and  (ii)  follows  easily. 

Let  m and  n be  intersecting  lines  and  x be  the  point  of 
intersection.  We  let 

C(m,n)  = T(m,n)  U {h:  h€L,x€h,hnn’^0 
for  some  n'  € T(m,n)} 

l,emma  L.  Pasch's  axiom  is  valid  in  (P,L). 

For  any  pair  of  intersecting  lines  m^  and  ra^  , lT(m^,m2)|  = (k-l)q  . 

Proof : Let  [x]  = m^  0 . For  each  y € - x , y is 

adjacent  to  q vertices  of  - x . So,  q transversals  of  and 

m^  contain  y . Therefore,  iTCm^jm^)!  = (k-l)q  . Let  n € . 

Let  a € n n m^,  b € n P.  , S^  be  the  set  of  (q-l)  vertices  of 

m^  - (x,a}  adjacent  to  b emd  be  the  set  of  (q-l)  vertices 

of  m^  - lx,b}  adjacent  to  a . Let  h € T(m^,m2)  such  that 

{c}  = h n ^ c are  not  adjacent.  We  get  d(b,c)  = 2, 

b 6 n , d(c,n)  = 1 , c € h , d(b,h)  « 1 . By  Lemma  It , n and  h 

intersect.  It  follows  that  if  h € and  h and  n do  not 

intersect,  then  h P . Similarly,  h 0 € Sg  . Therefore  - 

the  nxxmber  of  lines  of  T(m^,m2)  not  intersecting  n is  at  most 

(q-1)^  = |s^I  Is^l  . If  q = 1 , (q-1)^  = 0 . Then  all  lines  of  T(m^,m2) 

intersect  n , so  Pasch's  axiom  is  valid. 
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.',•■■1  q poscible,  let  r.  and  ’a  bo  tvio  non- inter r?ect Inc 

’ ^nor  of  T(r.^  jF.^)  . There  are  at  least  |T(m^,m2)  l-2(q-l)^  = (k-l)q-2(q-l)^ 

1 ;nos  of  T(r^,r.p)  v/hich  intersect  both  n and  h . Also,  and 

m 'nt-->*'noot  both  n and  h . Hence,  the  mmber  of  lines  intersectinc 

O 

both  n and  h is  at  least  kq  - 2q‘"  + 3q  . On  the  other  hand, 

2 

. Inc.-  d(n,h)  = 1,  by  Ijonma  5 there  are  at  most  (q  + l)  lines 

? 2 

'bnt(>rsoctinc  both  n and  h . This  gives  us  (q  + l)  ‘ > kq  - 2q  + 3q  . 

nin'o  - 3 , k > q‘"  + q + 1 > 3q  and  (q+l)^  > 3<1^  - 2q^  + 3q  • Simplifying 

the  inequality  we  get  1 > q.  which  contradicts  the  assumption. 

If  S is  a set  of  lines  such  that  any  two  lines  of  S intersect 
each  other,  then  S is  a clique  in  the  line  graph  of  (P,L);  we 
refer  to  such  a set  S as  a clique  of  lines. 

ier.-jia  6.  bet  and  m^  be  intersecting  lines.  Then 

f(r.,,m^)  is  a maximal  clique  of  lines. 

Proof ; Ve  denote  T(m^,tn2)  by  T and  C(m^,iT.2)  by  C . 

Let  [x]  - n f!^  . T is  a clique  of  lines,  and  so  is  C-T  since 

y.  belongs  to  eacli  line  of  C-T  . It  is  svifficient  to  show 
that  if  ii  t C-T  and  n'  € T,  then  h intersects  n'  . Since  h 6 C-T, 

X G h and  h intersects  n for  seme  transversal  n of  and 

. V.'e  may  assure  (by  exchanging  and  ri2  if  necessary)  that 

n r m2  / n’  f . Tlien  h,n'  € T(n,m2)  • So,  h and  n'  intersect. 

Hence  C is  a clique  of  lines.  It  is  clear  frexn  the  definition  of  C 
tliat  no  proper  superset  of  C is  a clique  of  lines. 

We  call  each  C(m^,m2)  a plane,  and  let  C-  be  the  set  of  planes. 
Corollary  1.  Each  plsuie  contains  qk  + 1 lines. 

Proof ; Let  m and  n be  lines  which  intersect  at  x . We  show 
t’lat  |c(m,n)I  = qk  + 1 . Let  h 6 T(tn,n)  . By  Lemma  6 every  line 
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oi'  c(ri,n)-T(!  ,n)  'ntercects  h , so  C(m,n)-T(m,n)  is  the  set 

oi'  q + 1 lines  v/hich  contain  x and  intersect  h . lT(m,n)|  = (k-l)q, 

Lorra  let  K bo  a clique  of  lines,  m,n  E K (n  ^ n)  , and 

[x]  = n;  n n . Then  either  all  lines  of  K contains  x or  K c C(iii,n). 

Proof:  V.'e  assume  tliat  some  line  n'  of  K does  not  contain 

:<  and  show  that  K G c(m,n)  . Let  h 6 K . Then  h intersects 
m,  n,  and  n'  . If  x ^ h , then  h € T(m,n)  . So  h € C(m,n).  Next 

s\rnpoce  x 6 h . Since  h intersects  n'  , h € C(m,n).  Therefore, 

K c c(m,n). 

Lemjr.a  (i)  Each  pair  of  intersecting  lines  is  in  a unique 

plaine.  (ii)  If  the  plane  C oontains  at  least  1 line  containing 
X , then  C contains  exactly  q + 1 lines  containing  x . (iil)  Each 
line  is  contained  in  (r-l)/q  planes. 

Proof;  (i)  Let  m and  n be  intersecting  lines  and  the  plane 
C contain  m and  n . By  Lemma  7 C c c(m,n)  . But  all  pleines  have 

the  same  cardinality,  so  C = C(m,n)  . (ii)  Let  x € ra  6 C . Let 

n 6 so  that  x n . Then  C = C(m,n)  . Every  line  of  C which 
contains  x also  intersects  n . There  are  q + 1 lines  which  contain 
X and  intersect  n . One  of  these  lines  is  m , and  the  remaining  q 
lines  are  transversals  of  m and  n , so  q + 1 lines  of  C contain 

X . (iii)  Let  m be  a line.  Choose  x € m and  let  . . ,niy 

be  the  lines  containing  x which  are  distinct  from  m . Each  plane 
which  contains  m contains  exactly  q lines  among  m2,m2,. . . . 

By  part  (i),  each  line  m^  is  contained  in  a unique  plane  containing 
m . Hence  exactly  (r-l)/q  planes  contain  m . 

From  Ijemma  8 and  Corollary  1,  the  following  statement  is  Immediate. 


Corollary  2,  (L/l)  is  a senilinear  ((r  - (l/q  , qk  + 1)  - 

incidence  structure. 

For  anj’’  plane  C we  define  C = LI  m , 

m € c 

Lomna  9«  let  m € L and  C€<3.  If  Imnc|>2,  then  m € c . 

Proof : Let  x,y  € m H U , Then  for  some  n^  and  n^  (n^,ng  ^ m) 

X € n^  € C and  y € n2  € C . Lines  n^  and  interaect  since 

all  lines  of  C intersect,  so  C = C(n^,n2)  • Since  m is  a 
transversal  of  n^  and  , m € C . 


Since  each  pair  of  intersecting  lines  is  contained  in  a plane, 
and  each  plane  is  a clique  of  lines,  two  lines  contain  a i>oint  in 
comnon  iff  they  are  both  contained  in  some  plane.  Therefore  the 
adjacency  graph  of  (L,C-)  is  identicaJ.  to  the  line  graph  of  (P,L)  . 

Let  H be  the  adjacency  graph  of  (L,C)  . 

Lenina  10.  If  m and  n are  distinct  lines  then  dj^(m,n)  = dQ(m,n)  + 1 
If  the  line  in  is  not  contained  in  the  plane  C then  djj(m,C)  = dQ(m,C)  + 1 . 

Proof:  Let  dj,(m,n)  = i-1  where  m / n . Denote  m by 

and  n by  . Let  (m^,x^,ra^,X2,...,Xj^,m^)  be  a sequence  of  points 
and  lines  such  that  x^  is  contained  in  m^  ^ and  (l  < j < i)  . 

Let  Cj  = C(m^  1^“')^  J 5 ^ 

is  a sequence  of  lines  and  planes  so  that  contains  ^ and 

(l  < j < i),  so  dj^(m,n)  < i . Since  the  direction  of  this  argument 
is  reversible,  we  may  conclude  that  d^(m,n)  = dQ(m,n)  + 1 . 

Let  m J?  C . Now  d^(m,C)  = mln[dQ(m,n)  : n € c}  and 
dj^(m,C)  = mintdjj(m,n)  : n 6 cl  . Since  d^(m,n)  = d^(m,n)  + 1 for 

dj^(ra,C)  = djj(m,C)  + 1 . 


distinct  lines  m and  n 


9 


14 


Leaonma  11.  (L,C)  is  am  (s+l,q,d)-pseMo  projective  incidence 

structure. 

Proof;  We  have  already  established  that  {L,C)  is  a senilinear 
(r*,k*)-incidence  stract\ire  where  r*  = (r-l)/q  = (q*^  ®-l)/(q-l) 
and  k*  = qk+1  = (q®^^-l)/(q-l)  . (if  q = 1 then  r-t(r-l)/q  = 
d-s  and  k*  = qk+1  = s+1, ) The  graph  H is  connected  since  G is. 

We  prove  (f4).  Let  m amd  n be  lines  and  d^(m,n)  = 2 (so  dg(m,n)  = 1). 
Let  S = [C:C€C^,n€C,  d^(m,C)  = l}  . We  eure  to  show  |s|  = q + 1 . 

Now  S = iC:C  € C , n € C-  , m n C / ffi  . 

If  h is  a line  and  z a vertex  so  that  d^(z,h)  = 1 then 
there  exists  at  least  two  lines  h^  and  hg  so  that  z € h^  and 
hj^  intersects  h (i  = 1,2)  • The  plane  C(h^,hg)  contains  both  h 
and  z . For  ainy  plane  C containing  both  z and  h we  have 
Ih^  n c]  > 2 so  h^  ^ C (i  = 1,2),  and  consequently  C = C(h^,hg)  . 

Therefore  for  amy  line  h and  vertex  z so  that  dg(z,h)  = 1 , a 

unique  plane  contains  both  z and  h « 

Lines  m amd  n do  not  intersect.  So,  no  plame  contains  both. 

Every  plane  S contains  n amd  at  least  one  point  of  m , Let 
Xo,Xi,...,Xq  be  the  points  of  m satisfying  d^(x^,n)  =1  (O  < i < q)  , 

Let  be  the  unique  plane  containing  x^  amd  n (0  < i < q)  . If 

for  some  i and  j (i  / j)  then  |m  P 7^1  > 2 . By  Lennna 

9 this  would  ijrqply  that  b € , which  is  faOne.  Then  S = {C^,C^,...,C^}  , 

so  |sj  = q + 1 . 

To  prove  (f3),  let  d^(®,C)  el.  Then  d^(m,C)  = 0 . So, 

m P C » By  Lesnna  9,  |m  P Cl  ■ 1 , Let  (x)  = m P C . 

We  ture  to  show  that  djj(m,n)  = 1 for  exactly  q + 1 lines  n of 

C.  In  other  words  d_(m,n)  *=  0 for  exactly  q + 1 lines  n of  C . 

G 

Birt  this  is  clear^  since  exactly  q + 1 lines  of  C contain  x • 
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Lenana  12.  Pasch's  axiom  is  valid  in  (C,L,3)  . 

Proof;  We  first  state  Pasch's  axiom  for  (C,L,5)  , recalling 
that  two  lines  intersect  (i.e.  contain  a vertex  in  commcm)  iff 
they  are  both  incident  with  some  plane.  Pasch's  axiom  for 
states  that  if  lines  m and  n intersect,  and  lines  h^  and  hg 
intersect  both  m and  n but  no  plane  contains  h^,  m,  and  n and 
no  plane  contains  hg,  m,  and  n,  then  h^  and  hg  intersect. 

Let  [x]  = m n n . Now  h^  ^ C(m,n)  , so  ^ ^ TC'®#!')  . 

Since  h^  f T(m,n)  but  h^  intersects  both  m and  n,  x € h^  . 
Similarly  x € hg  • Therefore  h^  and  hg  intersect,  and  Pasch's 
axiom  is  valid. 

Let  P = [P  : p € p}  where  P = (p  : p € L,  p € m)  . 

Lemma  13 . The  mapping  a : P -*■  P defined  by  a(p)  = p 
is  a bijection. 

Proof;  The  mapping  a is  clearly  surjective.  We  show  that 
a is  :n,jective.  (P,L)  is  a semilinear  (r,k)-incidence  structure, 
therefore  |x|  = r > 1 and  |x  fl  y|  <1  for  all  x,y  € P.  It 
follows  tliat  X y for  all  distinct  x,y  ^ P . 

Lemma  14.  P U C-  is  a partition  of  the  set  of  maximal  cliques 

of  H . 

Proof;  It  is  clear  from  L«arma  7 that  every  maximal  clique 
of  lines  is  contained  in  P U C.  . We  have  shovm  that  every  plane 
is  a meudmal  clique  of  lines.  Therefore  it  is  sufficient  to  show 
that  X is  a maximal  clique  of  lines  for  every  x € P , and  that 
X and  C>  are  disjoint.  X and  C are  disjoint  because  the  lines 
of  a plane  are  not  concurrent. 
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Lot  X f P . Clearly  x is  a clique  of  lines.  Let  K be 

_ -D  — 

a ra.-  imal  clique  containing  x . If  possible,  let  K ^ x . Let 

II'  € f.  - X . Then  X ? n . By  (f3),  the  number  of  lines  of  x 

intorroi  t.  lUt’,  r ir.  at  most  q + 1 . Since  K is  a clique  of 

l.ner,  every  line  of  x intersects  m . Therefore  q + 1 > |x|  = 
r . q 1 which  i'  a contradiction. 

In  1 ' - 1'  we  examine  (s,q,d)-pseudo  projective  incidence 

str  ict- ires  -xivwc  r ---  i;  - 1 . 

Lenr.a  1;,'.  Let  (P,L)  be  a (d-l,q,d)-pseudo  projective  incidence 

str'icture.  'Plien  any  tvmj  lines  intersect  and  if  q = 1,  II]  = d. 

Proe f : (P,L)  is  an  (r,k)-incidence  structure  where  r = q + 1 

and  k c (q^  ^-1 )/(q  - l)  (if  q = 1 then  k = d - l). 

,.,et  C be  the  adjacency  graph  of  (P,L).  Since  G is  connected, 

the  distance  between  any  two  lines  is  finite.  If  not  all  lines  intersect 
then  there  are  l ines  m and  n so  tViat  d(m,n)  = 1 . Assume  that 
d(iri,n)  = 1 . Then  for  some  x G rr.,d(x,n)  = 1 . By  (f3)  q + 1 
linos  -ontain  x and  intersect  n . Then  these  lines  together  with 
(•'■'nst "tute  q 2 lines  containing  x , which  violates  the  condition 
r ^ q + 1 . T oroforo  any  two  lines  intersect. 

Let  r>  G L . Since  k(r-l)  lines  intersect  m sind  all  lines 

intersect,  |l!  - l(r-l)  + I . If  q = 1 , k = d-1  and  1l|  = d . 

^ emr.a  l/.  i.et;  (P,L)  be  a (d-l,q,d)-pseudo  projective  incidence 

"tr  "-ture  w'.,ere  d > ^ and  q > 2 , and  let  the  Incidence  structure 

iiai  • > (^.1.)  satisfy  Pasch's  axiom.  Then 

{'.)  q 's  a prii.ic  power  and  d is  an  Integer, 

(ii)  tt incidence  structure  dual  to  (P,L)  is  a (2,q,d)- 
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nrojf’C't  ivr>  'nfiijiTioo  ntnictijro, 

fip.u  (ili)  (P)lO  is  a (d-l,qjfl)-projectivr  ijicidence  structure. 

Pron : F^r  r r-  q + 1 and  some  k , (P,L)  is  an  (r,k)-incidence 

struct^ire. 

We  show  that  satisfies  the  axioms  (pi)  - (p^ ) of 

section  1*  Uow  f>lerents  of  L will  be  called  i>oints  and  elements  of 

P will  be  called  lines.  By  Lemria  Ih  any  two  points  are  incident 

v.’lth  sone  line.  Therefore  (L,P,3)  satisfies  (pl).  By  hypothesis 
(p3)  is  satisfied.  Every  element  of  P is  incident  with  q + 1 > 3 

elements  of  L . Since  d > 3 every  element  of  L is  incident 

with  r.oro  than  q + 1 elements  of  P . It  easily  follows  that  rank 
of  (P>L)  is  at  least  1 . Therefore  by  the  theorem  about  finite 
projective  spaces  (L,P,€)  is  a (2,q* ,d ' )-projective  incidence 
structure.  Clearly  we  must  have  q'  = q and  d'  = d . This  establishes 
(ii)  and  (i).  CLnce  a (d-l,q,d)-proJective  incidence  structure  is 
dvml  to  a (?,q,d)-proJective  incidence  structure  (ili)  follows. 

r,erna  17.  let  (P,L)  be  a ;d-l,l,d)-pseudo  projective  incidence 

structure  where  d > 2 . Then  d is  an  inteeer  and  (P,L)  is  a 
(d-l,l,d)-proJective  Incidence  structure. 

Proof;  (P,L)  is  an  (r,k)- incidence  structure  with  r = 2 
ami  K - d-1  . Since  k is  an  integer,  d is  an  integer.  We  examine 
the  diiai  incidence  stucturc  (L,P,€).  Elements  of  L will  be  called 
dual  points  anti  elei:ients  of  P dual  lines.  Each  dual  line  is  incident 
With  exactly  2 dual  points.  Therefore  dial  lines  are  equivalent  to 
ttie  fjdges  of  the  adjacency  graph  of  (L,P,€).  By  Lemma  15,  each  pair 
of  dual  points  is  incident  with  some  dual  line. 
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, LI  f>  cf’.'a-'rni-y  ci’-r*'  i-  the  oonpleto  ni'apJi  on 

|l1  = i’  vcrti'-ec.  i.et  Y bo  a d - set  and  be  the  set  of 

■-c'lbs'^tr  c‘'  Y.  ^ 5 ^ £ ‘*“1  • have  proved  that  (L,P,€)  is 

isor,''r:ihic  to  (Y,l'-o)  • Therefore  (P,L)  is  isomorphic  to 
anf’  honco  to 

Zcmna  l8.  There  .'s  no  (s,q,d)-pseudo  projective  incidence 
str'icturo  vdiero  3 j5  “ 'L  s < d-1  . 

Proof:  Ass'irc  :t  - (P,L)  is  an  (s,q,d)-pseudo  projective 

incidence  structure  vdierc  3 < s and  d-2  < s < d-1  . If  q = 1 

then  r(n)  = J-s+1  is  not  an  integer.  Therefore  q > 1 . Define 

C as  in  Lemmas  6 - 11.  By  Lemma  3.1  = (L^C-)  is  an  (s+l,q,d)- 

pseudo  projective  incidence  strucutre.  r(jt*)  = (q'^“^-l)/(q-l)  so 
1 < r(;t*)  < q+1  . Since  r(rt*)  > 2 and  k(n-*)  > 2 there  exist 
rr.  f L and  C 6 C so  that  in  the  adjacency  graph  of  n*  d(m,C)  = 1. 

(n),  r(m)  > q+2  . Since  r(ra)  = r(«*)  the  impossibility  of 
the  assumed  incidence  structure  is  established. 


3.  Proof  of  the  Theorema. 


The  heart  of  the  inductive  procedure  for  Theorem  1 is  contained 
in  the  next  lenna. 

Lemna  19«  For  J = 1,  2 let 

(i)  Bj  l)e  a set, 

(ii)  Aj  and  he  sets  of  subsets  of  Bj, 

(iii)  the  incidence  structxires  (Bj,  Aj)  and  (Bj,  Cj) 
have  the  same  adjacency  graph  Hj, 

(iv)  Aj  U Cj  be  the  set  of  maximal,  cliques  of  Hj, 

(v)  Aj  n Cj  = 0 . 

Let  (Bj^,  Cj^)  and  C^)  "be  isomorphic.  Then  (A^,  Bj^,  3)  and 

(Ap,  Bg,  3)  are  isomorphic. 

Proof.  By  hypothesis  (B^^,  and  (Bg#  C^)  are  isomorphic;  let 
o;  * ^2  be  bijections  which  preserve  incidence. 

For  any  B'  c B^^  we  let  a(B' ) = (a(b):  b € B'}»  in  particular,  for 
c € C^,  a(c)  = (o(b);  b € c).  Then  a(c)  = t(c)  for  ell  c € C^. 

o is  an  isomorphism  between  the  adjacency  graph  of  (B^,  C^) 
cuid  the  adjacency  graph  of  (B^,  C^).  Therefore  a induces  a 
bijection  between  the  maximal  cliqvies  of  and  the  maximal  cUqties 
of  Hp.  The  set  of  maximal  cliques  of  is  U and  the  set  of 
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maximal  cliques  of  is  U C2»  Since  A^nc^=0=A2nC2 

and  <T  induces  a toijection  from  to  C^,  o induces  a MJection 
from  to  Ap.  Then  the  hijectlon  a:  hljection 

from  Aj^  to  A^  induced  hy  a show  that  the  incidence  structures 
(Bj^,  A^)  and  (B^,  A^)  are  isomorphic,  and  also  that  (A^,  5)  and 

(A^,  B^,  5)  eire  isomorphic. 

In  order  to  shorten  the  proof  of  Theorem  1,  we  introduce  some 

terminology.  For  q = 1 and  a positive  integer  d,  V.  will  denote 

d,q 

a finite  d-element  set.  For  q a prime  jKJwer  V will  denote  a d-dimensional 

d,q 

vectorsp«K:e  over  GF(q).  For  q = 1 an  i dimensional  object  of 

V,  will  mean  an  i -element  subset  of  V.  For  q a prime  power, 
d,q  d,q 

an  i-dimensional  object  of  will  mean  an  1-dlmenslonal  subspace  of 

q.  For  0 < i < d,  will  denote  the  set  of  l-dimensional  objects 

of  V.  . 
d,q 

Proof  of  Theorem  1.  Aasume  that  there  exists  a counter  exasQ>le 
to  the  statesient  of  Theorem  1.  Among  such  counter  exasqples  we 
choose  an  incidence  structure  n = (P,  L,  I)  for  which  r(>t)  is  as 
as  possible,  wiog  we  asstoae  that  lines  are  subsets  of  points.  We 
write  s for  s(n)  and  d for  d(ir).  bet  (3  be  as  in  Section  2.  By 
Lenea  11,  n = (L,  c)  is  an  (s  1,  q,  d)  - pseudo  projective  Inci- 
dence  structure.  Note  that  r(n  ) < r(x)  end  that  the  dual  of  n 
satisfies  Pasch's  axiom  by  Lesna  12.  By  Lemma  l6,  s < d - 2.  If 
s < d - 2 , then  TT^  satisfies 
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the  hypotheses  of  the  theorem  and  r(it  ) < r(n).  Therefore  n Is 
an  (s  + 1,  q,  d)  - projective  incidence  structure.  If  s = d - 2,  then 
by  lemmas  l6  and  1/  n is  an  (d  - 1,  q,  d)  - projective  incidence 
structure.  So  in  either  case  d is  an  integer,  q = 1 or  is  a 
prime  power  and  n is  isomorphic  to  (W^,  c)  where  is 

the  class  of  i dimensional  objects  of  a V.  where  i = s,  s + 1. 

d,q 


For 

^ Vr 

let 

w = {u: 

u e W and  u ^ 
8 

w) 

and  W = 

s+1 

(w: 

For 

w € W^_^, 

let 

w'  = (u: 

u € W , u 3 w} 

8 

and 

W'  = fw* 

’*B-1 

: w € 

It  is  easily  seen  that  (W^,  c)  is  iscmorphic  to  (W^,  and 

(W  W , c)  is  iscmorphic  to  (W  ,,  W',  9).  We  now  apply  Lemna  19 

8 8*X  8 

with  - W^,  ^ " K-V  ^2  " ^2  " Ag  = P. 

(Wg,  W^^)and  (W^,  W^_^)  have  the  same  adjacency  graph  Hj^.  U 

is  a partition  of  the  set  of  maximal  cliques  of  3y  the  remark 

after  Lenina  9,  (L,  (*)  and  (L,  P)  have  the  same  adjacency  graph 

By  Lemna  1^,  P U (?  is  a partition  of  the  set  of  maximal  cliques  of  I^. 

Finally  (L  , C-)  and  (W^  , are  isomorphic.  Therefore 

by  Lemna  19  (P,  L,  ^)  and  (W'  . , W , 9)  are 

8 8 

iscmorphic  and  hence  (P,  L,  l)  and  (W  W , s)  are  isomorphic. 

8**X  8 

Hence  there  is  no  counter  exanQ>le  to  the  statement  of  Theorem  1. 

Proof  of  Theorem  2.  wiog  assume  that  lines  of  n an  subsets 
of  points.  Consider  the  connected  eosqponents  of  G(n).  Let  P^  be 
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the  vertex  set  of  the  ith  component,  1 < i < t.  Let  be  the  set 
of  lines  of  It  which  contain  at  least  one  point  of  1 < 1 < t. 

Then  P = Pj^  U P2  U. . .U  P^  and  L = ^2  partitions 

and  each  line  of  is  a subset  of  1 < i < t.  It  is  easily 

checked  that  for  1 < i < t,  (P^,  L^)  satisfy  the  axioms  (f  1)  - (f5) 
with  respect  to  the  integer  q.  Therefore  for  sane  integers  s^  and  d^^ 

(?!>  L^)  is  an  (s^,q,  d^ )- projective  incidence  structure  and  « is 
the  direct  sum  of  these  incidence  structure.  The  converse  follows  fl*om 


l4wnna  2. 


. Minimality  of  the  Axioms. 

Let  P be  the  cleiss  of  (s,  q,  d)  - projective  incidence  structure 
with  ? < s < d - The  axions  (fl)  - (f5)  form  a minimal  set  of 
axioms  for  the  purpose  of  characterization  of  the  class  P.  We  now 
demonstrate  the  minimality  of  the  axiom  set  (fl)  - (f5).  For 
J€{1,  2,  3»*+>5)  we  choose  q and  construct  an  incidence  structure 
n ' which  satisfies  the  four  axioms  other  than  (fj)  and  is  not  a 
member  of  P.  For  J = 5>  we  secw  that  the  direct  sum  of  two 
(s,  q,  d)  - projective  incidence  structures  (3<s<d-2)  satisfy 
the  four  axioms  other  than  (f^).  For  J = 1,  our  exanq>le  is  a nondesargueslan 
finite  projective  plane  n of  order  q.  It  is  easy  to  see  that  « 
satisfies  the  axioms  (f2)  - (f^)  and  that  s(it)  = 2.  Since  k is 

non  desargueslan>  n is  not  an  (s^  q,  d)  - projective  Incidence  j 

structure.  For  i = 2,  we  construct  an  example  as  follows.  Let  q be 

a given  prime  power.  We  choose  positive  Integers  s and  d satisfying  < 

3<s<d-2  and  (2q+ l)^+ (2q+ 1)  + 1 < Mln(2^  , . 

Let  n bean(s,  q,  d)-  projective  incidence  structure.  The  point 
set  of  the  incidence  structure  a*  will  be  sane  as  that  of  a and  for 

each  line  £ of  a,  a'  will  have  two  lines  £ and  £'  with  = P^,.  I 

It  is  easily  checked  K(a')  = and  r(A')  = 2^3  . Therefore  j 

with  respect  to  (2q+l),  3 < s(a*)  < d(  a')  - 2 and  also  a'  satisfies  i 

(f3),  (fU)  and  (f5)  w.r.t.  2q+l.  Clearly  a'  is  not  a member  of  Band  is 

not  an  (s,  q,  d)-  projective  Incidence  structure.  For  J = 3»  we  I 

proceed  to  construct  an  example  as  follows.  Consider  an  affine  space  j 
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2 0**^1 

Aff (n,  q)  where  q is  a prime  power,  and  q + q + 1 < ° ^ “ . Let 

n ' be  an  incidence  structure  whose  points  are  the  planes  of  the  affine 
space  and  lines  are  the  3-spaces  of  the  affine  space  and  incidence  is 
containment.  Points  and  lines  of  ir  will  be  respectively  called  ideal 
points  and  ideal  lines.  It  will  be  helpful  to  view  the  erffine  space  as 

a projective  space  PG(n,  q)  minus  a hyperplane  E.  The  number  of 

3 2 

planes  contained  in  an  affine  3 -space  is  q + q + q.  Therefore 
3 2 Q^"^“l 

k(tt)  q^+q*^+q  and  r ( n ) = * q Y~  • ideal  point  p and  an 

ideal  line  £,  p'  and  £’  will  respectively  denote  the  corresponding 
projective  plane  and  projective  3-space.  The  axiom  (fl)  is  satisfied 
by  jt'.  Clearly  (f2)  and  (f5)  hold  for  it'.  Let  p^^  and  p^  be 

two  ideal  points  such  that  d(p^^,  p^)  = 2.  Then  p^  and  p^  are  affine 

planes  (Figvire  l).  Since  d(p^,  p^)  =2,  there  exist  an  ideal  point  p^ 

such  that  d(p^,  p^)  - 1,  i = 1,  2.  Hence  <p^,  pp  is  a 3-space  for 

i - 1,  2,  Therefore  p^  0 p^  is  a line  for  i = 1,  2.  Therefore 

p^  n p^  is  a point  0.  Let  i be  an  ideal  line  such  that  p^  is 
incident  with  f,  and  d(p2»  f)  = 1.  Then  £'  is  a projective  3-space 
such  that  p^  and  0 £'  is  a projective  line  passing  through 

0.  Let  x^(i  - 0,  l,...,q)  be  the  projective  lines  of  p^  passing 
through  0.  Then  letting  £^  = ^p|,  Xq>,  0<i<q, 

are  all  the  projective  3-spaces  satisfying  pj^  ^ £' , p^  D £’  = a inrojective 
line.  The  corresponding  affine  3 -spaces  £^,  0 1 i 'the  ideal 

lines  satisfying  d(p^,  £)  = 0 and  d(p2»  £)  = !•  We  proved  that  it' 
satisfies  (f4)  w.r.t.  q. 
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2 Q**  ^ “1 

Aff (n,  q)  where  q is  a prime  power,  and  q + q + 1 < * . Let 

It’  he  an  Incidence  stnicttire  whose  points  are  the  planes  of  the  affine 
space  and  lines  are  the  3-spaces  of  the  affine  space  and  incidence  is 
containment.  Points  auid  lines  of  it  will  be  respectively  called  ideal 
points  and  ideal  lines.  It  will  be  helpful  to  view  the  affine  space  as 

a projective  space  PG(n,  q)  minus  a hyperplane  T.  The  number  of 

3 2 

planes  contained  in  an  affine  3-space  is  q + q + q.  Therefore 
3 2 o"'^-l 

k(tt)  q^  + q q and  r(s)  = ^ . For  an  ideal  point  p and  an 

ideeLL  line  I,  p'  and  I’  will  respectively  denote  the  corresponding 
projective  plane  and  projective  3-space.  The  axiom  (fl)  is  satisfied 
by  Jt'.  Clearly  (f2)  and  (f5)  hold  for  it*.  Let  p^  emd  p^  be 

two  ideal  points  such  that  d(p^^,  p^)  = 2.  Then  p^^  and  p^  are  affine 

planes  (Fig\u*e  l).  Since  d(p^,  p^)  =2,  there  exist  an  ideal  point  p^ 

such  that  d(p^,  p^)  = 1,  i = 1,  2.  Hence  <p^,  pp  is  a 3-space  for 

i - 1,  2.  Therefore  p^  D p^  is  a line  for  i = 1,  2.  Therefore 

p^  n p^  is  a point  0.  Let  f be  an  ideal  line  such  that  p^  is 
incident  with  t,  and  d(p2>  t)  = 1.  Then  £*  is  a projective  3-space 
such  that  p^  c;  f «md  p^  0 £'  is  a projective  line  passing  through 
0.  Let  Xj^(i  - 0,  l,...,q)  be  the  projective  lines  of  p^  passing 

through  0.  Then  letting  = ^p£,  x^>,  0<i<q, 

are  all  the  projective  3-spaces  satisfying  p^  ^ i',  Pg  = * projective 

line.  The  corresponding  affine  3 -spaces  0 ^ ^ ideal 

lines  satisfying  d(p^,  f)  = 0 and  d(P2^  We  proved  that  n' 

satisfies  (f4)  w.r.t.  q. 
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Figure  1 

We  now  show  that  (f;)  does  not  hold  in  n'.  Let  £ he  cm  Ideal 

line  6uid  p he  an  id point  such  that  d(p,  f ) = 1.  Let  p*  fuad  £' 

he  the  corresponding  projective  pleme  and  3-spaM:e  respectively-  Since 

d(p,  £)  = 1,  p*  n £'  must  he  a projective  line.  Case  l.(  Figure  2)  p'  o £•  = y 

is  a projective  line  contained  in  F.  There  are  (q  + 1)  planes  of  £' 

which  contain  y.  Of  these  one  is  ^ S which  does  not  correspond 

to  an  ideal  point  of  it.  Therefore  in  case  1 there  are  q ideal  points 

Pj  such  that  p^  is  Incident  with  £ and  d(p,  p^^)  = 1,  1 < i < <!• 

Case  2.  ( Figure  3)  p'  = y is  a projective  line  not  contained  in  Z . In  this 

case  there  will  he  (q  + 1)  ideal  points  p^^  such  that  p^^  is  incident 


Figure  2 


Figui'e  3 
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We  now  consider  J = **.  Let  q be  a prime  pcwer,  n > *♦ , PG(n,  q) 
be  an  n-diraenslonal  projective  space  over  GF(q)  and  ^ 

(n-3)-flat  of  R}(n,  q).  Let  it’  be  an  Incidence  structure  whose  points 
are  the  lines  of  PG(n,  q)  not  intersecting  ^n_3  lines  are  the 

planes  of  PG(n,  q)  not  Intersecting  As  before  points  and  lines 

of  It  will  be  referred  to  as  ideal  points  and  ideal  lines  respectively. 

Lines  and  planes  of  PG(n,  q)  will  be  called  projective  lines  and  pro- 

2 

Jective  planes.  Clearly  every  ideal  line  is  incident  with  q + q + 1 

2 

ideal  point  and  hence  k(it)  = q + q + 1.  The  nuiia>er  of  projective 

“"^-1 

planes  of  PG(n,  q)  containing  a given  projective  line  is  ^ . 

n-2 

Of  these  projective  planes  ^ ^ ~ will  intersect  Hence  the 

number  of  ideal  lines  passing  through  a given  ideal  point  is  q ~ • 

Since  n > 4,  the  axiom  (fl)  holds  for  n'  with  respect  to  (q  - 1). 

Clearly  (f2)  and  (f5)  hold  for  n'.  We  now  check  (f3)  for 
It . Let  p and  I respectively  be  an  ideal  point  and  an  ideal  line  such 
that  d(p,  l)  - 1.  Then  the  projective  line  p intersects  the  projective 
plane  £ in  a projective  point  0(Figure4).  LetE^  1 ” ^n-3^  be  the  span 

of  p and  E^_^  and  p^  = £ n There  are  q + 1 projective 

lines  of  £ passing  through  0.  Let  Pq,  p^,  ...»  p^  be  these  lines. 

The  projective  plane  (p,  p^)  is  contained  in  intersects  ^n-3 

and  hence  is  not  eui  ideal  line  of  ir.  Therefore  the  distance  between 
the  ideal  points  p and  p^  is  greater  than  1.  The  ideal  points 
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Pl»  are  the  oaly  Ideal  points  p satisfying  p^^  c jt  and 

d(p,  Pj^)  = 1»  1 < 1 < q.  Therefore  it  satisfies  (f3)  with  respect 


to  (q  - 1)  . 


E 


n-1 


\ 

k 


^ Figure  — 

We  now  show  that  (fU)  does  not  hold  in  jt'  . Let 
Pj^  he  an  ideal  point  and  ^^n-3’^1^  ” ^n  1'  Pg  he  an  ideal 

point  such  that  d(p^,  Pg)  = 2.  Case  1.  Pg  is  a projective  line  not 
intersecting  p^^  and  ^ contained  in  ( Figure  ‘y ) . Let  >0<i^ 

he  the  q + 1 points  of  Pg  where  Xq  € 

0 < 1 < q.  The  projective  plane  intersects  I**  ‘this  case 

are  the  only  ideal  lines  which  contadn  p^  cuid  have  distance 
one  froE  Pg . 


Figure  5 


Case  P.  The  projective  line  intersects  p^^  and  is  contemned  in 

T , (Fig\ire6).  The  projective  plane  <p, , p«)  intersects!  _ and  hence  is 
n-l  -L  c n-j 

not  an  ideal  line.  Therefore  d(p^,  Pp)  = 2.  Let  be  any 

projective  plane  which  contains  Pj^ 


"n-S 


} 


■ Figure  6 

and  is  not  contained  in  ! Then  it  is  easily  seen  that  p^  c £ and 

n-l  *^11 

d(pp,  /^)  = 1.  In  case  2 the  number  of  ideal  lines  i satisfying  p^^  c 

<1(P2»  ^-)  = 1 q ” • Therefore  does  not  hold  in  n with  resi>ect 

to  (q  - 1).  Obviously  n'  is  not  a (s,  q - 1,  d)  - projective  incidence 
structure  for  any  choice  of  s and  d. 

This  coBipletes  the  proof  of  the  minlaallty  of  the  system  of  fudosu 


(fl)  - (f5). 

\\ 

Concluding  Remarks.  Consider  a slinple  graph  whose  vertices  are  s-dlmensional 
subspaces  of  a d-dimensional  vector  space  V over  GF(q).  Two  vertices 
in  this  graph  are  adjacent  iff  the  corresponding  s-dlmensionsJ.  subspaces 
Intersect  in  an  (s-1) -dimensional  subspace.  This  graph  will  be  called  ^ 
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an  (s,  q,  d) -projective  graph.  The  Theorem  1 of  this  paper  can  be  iised 
to  obtain  a characterization  of  the  (s,  q,  d)-proJective  graphs  provided 
d is  larger  than  sane  function  of  s and  q.  We  are  also  considering  x. 

'41  4 • 

characterization  problems  of  Affine  spaces  and  Polar  spaces  interms  of 

f'  ■ 

flats  of  higher  dimensions.  These  results  will  be  connunicated  in  a 

tv 

subsequent  communication. 
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